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UMBRAE FOR DEGENERATE BERNOULLI AND DEGENERATE
EULER NUMBERS

DMITRY V. DOLGY, DAE SAN KIM*, TAEKYUN KIM*, AND JONGKYUM KWON*

ABSTRACT. In this note, we introduce symbolical notations, called umbrae, for
degenerate Bernoulli and degenerate Euler numbers. Umbrae have been used,
for example, in connection with Bernoulli and Euler numbers. We derive some
identities, properties and relations for the degenerate Bernoulli and degenerate
Euler numbers and polynomials by using those umbrae.

1. INTRODUCTION

For any nonzero A € R, the degenerate exponentials are given by
X - "
1) es(t) = Z(x),,ﬁ;tﬁ, e (t) =e (1), (see[l1—3,5—10]),
n=0 :
where (x); =1, (x),2 =x(x—A)(x=21) - (x—(n—1)A), (n>1).
The Bernoulli polynomials B, (x) are defined by
t

el —1

@

o o
e = ZB,,()c)ﬁ7 (see [3,5—10]),
n=0 :

and the Bernoulli numbers B, by B, = B,(0).
The Euler polynomials E,(x) are given by

2 o t"
e = LB (seel9),
n=0 :

and the Euler numbers E, by E, = E,(0).
In [1,2], Carlitz introduced the degenerate Bernoulli polynomials f3, 3 (x) de-
fined by

3

t M "
W%(l) = ngoﬁn,/l(x)a’ (see [1-3,5-10]).
Forx =0, 8,3 = B,.2(0) are called the degenerate Bernoulli numbers.
In addition, the degenerate Euler polynomials &, ; (x) are given by

2 . > "
WQ(’) = };}@:,A(X)H, (see [9]).
Forx =0, &, ) = &, ;(0) are called the degenerate Euler numbers.
Note here that }Lim B2 (x) = By(x), and /{im &, (x) = Ep(x).
-0 =0

“

(&)
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In this note, we introduce symbolical notations, called umbrae, for the Carlitz’s
degenerate Bernoulli and degenerate Euler numbers. For instance, umbrae have
been used for the Bernoulli and Euler numbers. We derive some identities, proper-
ties and relations for the degenerate Bernoulli and degenerate Euler numbers and

polynomials by making use of those umbrae.

2. UMBRAE FOR DEGENERATE BERNOULLI AND DEGENERATE EULER
NUMBERS

As to (4), we introduce the umbra 3 (see [4]) for the degenerate Bernoulli num-

bers as follows:
1

_hn=vg, "
(©) =1~ 0= Lhuagy

with the convention about replacing (), 2 by By, (n > 0).
By (6), we get

0 === Y (B4 Dur— (Bl ) o

n=0

Thus, by comparing the coefficients on both sides of (7), we have

1, ifn=1,
® B+~ Bz ={ ) opermins

with the above-mentioned convention about replacing (), 4 by By, (n > 0).
We see from (1) that

" n
© 903 = Y (1) rahosa 200
k=0
By (8) and (9), for any positive integer n, we have
" n+1
(10) 0=(B+1)ps12—Buria =Y, ( k )ﬁkﬁl(l)n-kl—k,l
k=0

n—1 n
=(n+1)Ba+ Z < +1>l3k,/1(1)n+1k./1-

By (10), we get

1 "= n+l
_WZ%)( X >5k,/1(1)n+1—k,/1-

By (6), the degenerate Bernoulli polynomials are written as

an Bup =

t

_ )= Y r
(12) 1= 0= ,;)(ﬁ + X
From (4), (9) and (12), we note that
(13) ﬁn,k(x) (B_"xnk Z < >ﬁkk(xn kA

i()ﬁn A (Xea, (n=>0).
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Now, we observe that

o n—1 n—1 1 t
k+x _ n+x
A9 L Tkt = L4700 = 7o (470 -40)
_ ;(e§+n+X(t) 76‘§+X(I)>
S 1 m

= —((ﬁ +n4X) 10— (B +x)m+17/1)%

+1

By (13) and comparing the coefficients on both sides of (14), we get

n—1

1
(15) Z(k+x)m,g:—((ﬁ+x+n)mﬂj_(ﬁ +x)m+l,?t)
=0 m+1
1 m-+1
= m4+1 l;)( i )(ﬁ +x)l,/1(n)m+l—l,l
1 & (m+1
Tt 1‘12(,) < I >ﬁl,x () (M)mr1-1,2-
As to (5), we introduce the umbra & (see [4]) for the degenerate Euler numbers
as follows:
2 had "
16 _ & t & 4 —
( ) ()+1 l() r;)mln!v

with the convention about replacing (&), 5 by &2, (n > 0).
Then the degenerate Euler polynomials can be written as

2 ,}H B t”
Thus, by (5), (9) and (17), we get
(18) Gua(¥) = (64%),, =) (Z)co%( In—
:Z<Z>éan kl( )kl7 (I’l>0)
k=0

Note from (16) that
oo n

(19) 2=ef(1)(ex(t)+1) = €5 " (1)+ef (1) = ;) ((£+ 1)1 +£M)’%

Thus, by (19), we get

2, ifn=0,

(20) (EFDna+énp = { 0, ifn>1

For n > 1, by (20), we obtain

1" /n
1) ba="52 <k><o%(1)n kA
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By (20) and (21), we get

1 1 1
Gor=1, 81, = 5 Ep = *5(1)2,/1 +§7
3

1 3
&)= —5(1)3,/1 + 5(1)2,/1 RVEE

Now, we observe that

n—1 2 2
2R A0 = o o T =

i::( T ( éa-l-n)m,l)t

where n € N with n = 1 (mod 2).
Thus, we have

¢ (1) +e5 (1)

m

n—1

Y (D (k) =
k=0

(éamJ. + ((go + n)m,l)

= N =

(éamJ. + gm,l (n)) y

where n € N with n = 1 (mod 2).
Also, for n € N with n = 0 (mod 2), we have

T W= 5 (6~ (E+10)
= S (Ena = Eur (), (n20).
For d € N, we have
d—1 k+x
(22) Py = 6/1() el(t)—tz d (t)l

From (22), we note that

e L Gt ktxy d'r"

23) Yoy =g L X (B+7),, %
o ] k+x t"
o n—1 o _
;(d kZ(ﬁ+ )n,g>n!'

d—1
24) (B+0ns =T (B+7)
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From (13) and (24), we have

k
(25) Bup(x)=d" 12[3 (F55). w=z0,4en).
n%
For d € Nwithd =1 (mod 2),we have
2e (1) 4]

26) e (1) = W Y (=D )

kix — E+4x
D) e (dn) = ) (= 1)e, T 7 (ar)
Z’ % dt) 5 kg(’) 5
k+x t"
n k L
_,;)<d Z CRE )mg)n!'
Thus, by (26), we get
d—1 k
@7) (E+0u=d"Y (D (e+505) . (n>0).
k=0 d /ng
Equivalently, (27) is equal to
! k+x
__gn _1\k
(28) G =d" L1146, (57). 020
Let d € N withd =0 (mod 2). Then we have
2 = 2
(29) a0 =Y (D) ()
ex(t)+ ,;0 “ ed(1)—1
24 dt
=— —1)k dt) ————
dtk;)( ) % ( ) ex(dr)—1
2 d—1 B+ e
=) (=1l 7 (ar).
dt = d
By multiplying (29) by ¢ on both sides, we obtain
2d71 _ Lk . oo "
60 G LD ) =t 0 = LonlE 01y

By (13), (18) and (30), we get

Era(x :_dnlz klﬁni(k*'x)

wheren € N,andd €e Nwithd =0 (mod 2).
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3. CONCLUSION

In connection with the Bernoulli and Euler numbers, the following umbrae B
and E have been used (see [4]):

t B iB t"
= ¢ = —_
e —1 ="l

2 _eE,_iEt"
e+1 ="l

with the conventions about replacing B” by B,,, and E" by E,,.

In this note, we introduced the umbrae 8 and &, respectively for the degenerate
Bernoulli and degenerate Euler numbers (see (6), (16)) and showed some of their
uses. We note that, by taking A — 0, and replacing 8 and &, respectively by B
and E, we get the corresponding results for the Bernoulli and Euler numbers and
polynomials. In other words, our results are degenerate versions of some of the
well-known identities, properties and relations for the Bernoulli and Euler numbers
and polynomials.
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